An image reconstruction formula is presented for photoacoustic computed tomography (PCT) that is valid for a layered medium in which some of the layers may be solids and detection is performed on a planar measurement surface. It is assumed that the optical absorber is embedded in a single fluid layer and any elastic solid layers present are separated by one or more fluid layers. Computer-simulation studies are used to validate the proposed reconstruction formula.
INTRODUCTION
Photoacoustic computed tomography (PCT) is a rapidly emerging hybrid imaging technique that that combines the good soft tissue contrast of optical imaging and the high spatial resolution of ultrasonic imaging. [1] [2] [3] [4] In PCT, the to-be-imaged object is irradiated with a short laser pulse and acoustic pressure wavefields are produced via the thermoacoustic effect. The acoustic field is measured outside the region of interest by use of wide-band ultrasonic transducers. The measured wavefield data are employed with an image reconstruction algorithm to produce an estimate of the absorbed optical energy density, which can provide valuable functional and structural information for diagnostic and therapeutic applictions.
2, 5-10
The image reconstruction problem in PCT corresponds to an inverse source problem.
11 For a variety of canonical measurement apertures, image reconstruction algorithms have been developed for PCT.
2, 12-18 Many existing PCT image reconstruction algorithms implicitly assume the object of interest is embedded in an infinite, homogeneous, dispersion-free medium. For objects in which the medium possesses speed-of-sound and density distributions that are spatially variant, 19, 20 posses dispersive or absorptive properties, 21, 22 or are embedded in a finite medium for which acoustic boundary conditions need to be incorporated, 23, 24 distortions and artifacts can appear in images reconstructed by use of conventional algorithms. The development of algorithms that compensate for these variations in the acoustical properties of an object and the medium is an active area of research.
26-31
Elastic solids, such as bones, support generation and propagation of a type of ultrasonic wave -shear waves -that do not propagate in fluid media. Proper modeling of elastic solids in PCT is required for quantitative transcranial PCT. 32, 33 Previous studies in transcranial PCT, using algorithms that do not account for shear waves, exhibit obvious distortions. 33 Ultrasound imaging researchers have measured the acoustic properties of the skull for a number of applications, [34] [35] [36] [37] and knowledge of these properties can be exploited by PCT reconstruction algorithms to mitigate image distortions and artifacts.
In this work, a PCT reconstruction formula that accounts for shear wave propagation in layered medium is presented. Specifically, we assume a planar detection surface is employed and the to-be-imaged optical absorber is embedded in a planar-layered acoustic medium in which one or more of the layers is an elastic solid. It is assumed that the optical absorber is embedded in a single fluid layer. The speed-of-sound, density, thickness of each layer, and number of layers are assumed to be known. The reconstruction formula accounts for multiple reflections of the induced photoacoustic wavefield between the layers of the medium, mode conversion of longitudinal waves to shear waves in the solid layers, and absorptive and dispersive effects in the layers. The reconstruction formula presented in this paper provides a mapping between the 3D Fourier components of the sought-after absorbed optical energy density distribution and the Fourier components of the measured pressure data that correspond to propagating wave modes in the object layer. When none of the layers are elastic solids, the reconstruction formula in this paper reduces to a previously developed one for layered fluid media. 24 The proposed reconstruction formula 25 is demonstrated with computer-simulation studies.
BACKGROUND: CANONICAL FORMULATION OF PCT WITH A PLANAR MEASUREMENT APERTURE
PCT reconstruction algorithms are often derived from the acoustic wave equation in either the space-time or space-frequency domain. The space-frequency domain representationp(r, ω) of the acoustic field is related to the space-time representation p(r, t) by a Fourier transform,
where ω denotes the temporal frequency, i ≡ √ −1, and r = (x, y, z). For fluid media, the acoustic field obeys an inhomogeneous Helmholtz equation:
where k = ω/c is the wavenumber, c is the local speed of sound, ρ is the equilibrium density, Γ = λ/C P , λ is the thermal expansion coefficient, C P is the specific heat capacity (at constant pressure), A(r) is the absorbed optical energy density, and H(ω) describes one-dimensional (1D) Fourier transform of the temporal profile of the exciting optical or microwave pulse. In Cartesian coordinates, we express A(r) as A(x, y, z). Using the method of Green functions, the pressure field away from the acoustic source can be expressed as
where G(r, r , ω) is the appropriate Green function to describe the medium and V denotes the support volume of A(r). Equation (3) represents the forward model for PCT expressed in the temporal frequency domain. Only when the medium is homogeneous or when certain symmetries exist in the system 16, 24 can analytic expressions for the Green function be found. Numerical methods must be employed to estimate the Green function in many practical cases.
In the case where the medium is acoustically homogeneous with speed of sound c and a planar measurement aperture is assumed (here, taken to be z = 0 without loss of generality), an analytic Fourier transform-based solution to the inverse problem has been established. 16, 17 Letp(k x , k y , ω) denote the two-dimensional (2D) spatial Fourier transform of the pressure datap(x, y, z, ω) (sometimes called the angular spectrum decomposition of the field) evaluated on the measurement plane z = 0:
Similarly, let A(k x , k y , k z ) denote the 3D Fourier transform of A(x, y, z):
It has been demonstrated 16 that certain values of A(k x , k y , k z ) can be determined from the measured pressure data: The k z -coordinate of A(k x .k y , k z ) is given by a nonlinear mapping of the Fourier coordinates k x , k y , and ω of the measured field. A low-pass filtered estimate of A(r) can be determined by use of the 3D inverse Fourier transform 38 of Eq. (6). The range of k x , k y and k z over which A may be estimated is limited by both the detection system and the wave propagation physics. The PCT image reconstruction formula found in Eq. (6) is generalized to the case when the optical absorber, A(r), is embedded in a layered acoustic medium in which at least one of the layers is assumed to be an elastic solid.
PCT IMAGE RECONSTRUCTION FORMULA FOR LAYERED ACOUSTIC MEDIA THAT INCLUDE ELASTIC SOLIDS
An elastic solid is characterized by two parameters that describe the stiffness of the solid. These parameters, the Lame coefficients (λ, μ), as well as the density of the medium, characterize the acoustic response of the material. The boundary conditions for elastic waves involving solids are best understood with respect to the particle displacement caused by the acoustic wave.
For a system in which the object of interest is located in a layered medium containing both fluid and solid layers, a dyadic Green function must be constructed to account for the presence of shear waves in the solid layers. The interested reader can consult Ref. 39 for a more thorough discussion of shear waves. A diagram of a layered medium is presented in Fig. 1 to help illustrate the results.
The particle displacement in a fluid layer, n, obeys
where k n = ω/c n and c n = λ n /ρ n . The vector displacement field can be represented in terms of solenoidal and irrotational components in the solid layer, m, as u(r, ω) = u s (r, ω) + u l (r, ω), with
where k m = ω/c m , k s = ω/c s , c s = μ m /ρ m and c m = (λ m + 2μ m )/ρ m . The solenoidal component of the particle displacement, u s (r, ω), is referred to as a shear wave , and the irrotational component, u l (r, ω), is referred to as a longitudinal wave. By using the angular spectrum decomposition and applying the appropriate boundary conditions, the Green function for the layered system may be determined algebraically. 25 The Green function may be recast to provide a mapping based on the pressure data instead of the particle displacement.
For the case in which the to-be-imaged object, A(r), is confined in the bottom (fluid) layer (e.g. n = M ), the resulting pressure field is found to be
where d 0 is the distance between the last boundary and the detector (see Fig. 1 ) and
The quantity T 0 (k ) is the amplitude transmission function for the medium that can be determined as described in Ref. 25 . It describes the change in amplitude and phase to a unit amplitude planewave incident upon plane z = z M from below and exiting the layered medium at z = z 1 (see Fig. 1 ). It is further assumed that the detection step is performed in a fluid layer, which is consistent with conventional PCT applications.
The relationship found in Eq. (10) can be inverted to yield Fourier-based PCT reconstruction formula for a layered medium which admits shear waves in some of the layers. Specifically, for k
, the Fourier components of the object corresponding to real-valued k
This equation is the main result of this paper. One sees that the Fourier components of the object are simply related to the Fourier components of the acoustic signal measured on a plane. When the medium has a homogeneous speed-of-sound and density distributions, i.e., a medium described by a single layer, Eq. (12) reduces to Eq. (6). This result also reduces to a previously found result when only fluid layers are present. 
COMPUTER SIMULATIONS
Computer-simulation studies were performed to corroborate the proposed reconstruction method. A numerical phantom representing the object A(r) was considered that contained three uniform spheres located within the bottom layer of the structure. The spheres were centered at positions (1, -1.34, -2.6) cm, (0, 1, -2.8) cm and (-1, 0, -2.7) cm, had radii of 1 cm, and were quasi-bandlimited by convolving each with a 3D Gaussian function of width 0.5 mm. The value of A(r) was assigned to be one for each sphere. Uniform spheres were employed in the simulations because their 3D Fourier transforms are known analytically, which eliminated the need to numerically estimate the simulated pressure data. The object was assumed to be embedded in a four-layer structure. The bottom layer of the background was modeled as tissue, unbounded in the −z direction with speed of sound 1483 m/s and density 1000 kg/m 3 . The second layer was also assumed to be tissue, with thickness 6 mm and speed of sound 1537 m/s with density 1116 kg/m 3 . The third layer was assumed to be bone (an elastic solid), with longitudinal speed of sound of 2900 m/s, shear speed of sound 1450 m/s, thickness 8 mm and density 1900 kg/m 3 . The top (detection) layer was modeled as skin tissue, with speed of sound 1520 m/s and density 1100 kg/m 3 . The simulated pressure field was assumed to be detected a distance d = 1 mm away from the skin/bone edge. Equation (10) was employed to generate samples ofp(r, ω). Temporal frequency domain data were generated on a uniform grid consistent with a maximum detection frequency of 1.59 MHz on a rectangular grid of 128 × 128 idealized, point-like, transducers, with lateral spacing Δx = 0.5 mm. A 1D inverse fast Fourier transform (FFT) was employed to generate samples of p(r, t) from the computed values ofp(r, ω). To implement the reconstruction algorithm, the 3D FFT algorithm was used to compute sampled values ofp(k x , k y , ω) from the noiseless measurement data p(r, t). Equation (12) was employed to obtain a low-pass filtered estimate of the object's Fourier transform on a uniform grid in k x and k y and a non-uniform grid in k z . For a given k x and k y , the sampled values of k z corresponded to
y . An interpolation algorithm was used on the estimates of the object's Fourier components so that the data were consistent with a uniform grid in k z for k z > 0 for each k x and k y . Conjugate symmetry,
, was used to obtain the Fourier components of the real-valued object for k z < 0. Finally, the inverse 3D FFT algorithm was applied to the sampled values of A(k x , k y , k z ) to obtain an estimate of A(x, y, z)
RESULTS
The algorithm described above was implemented and compared to one that assumed a homogeneous acoustic medium. 16 Estimates of A(r) were computed from the same noiseless simulation data for both algorithms. The pressure field was generated in accordance with Eq. (10) for a medium as described in Section 4.
In Fig. 2 , a 2D slice corresponding to the plane z = −1.86 cm is shown in the left panel for the reconstruction method presented in this work. The right panel contains a line-plot through the reconstructed image (solid line) and through the original phantom (dashed line) along the line y = −1.86 cm and z = −1.86 cm . Note that the reconstructed and original objects are so similar as to be indistinguishable. This is expected and corroborates the mathematical correctness of the reconstruction formula.
The improvement in reconstruction accuracy gained through use of the proposed algorithm is demonstrated when compared to Fig. 3 . In Fig. 3 a 2D slice corresponding to the plane z = −1.86 cm is shown in the left panel for the homogeneous reconstruction method, i.e. Eq. (6). The right panel contains a line-plot through the reconstructed image (solid line) and through the original phantom (dashed line) along the lines y = −1.86 cm and z = −1.86 cm. One notes that reconstruction based on the assumption of a homogeneous medium only somewhat mimics the original object. The relative sizes of the two spheres that overlap are misestimated, and the spheres are clearly distorted. Also, the reconstructed value of the absorption across the slice underestimates the true value in a non-uniform fashion.
CONCLUSIONS
A PCT reconstruction formula has been developed for the case that the optical absorber is embedded in a layered medium in which some of the layers support shear waves and detection is performed on a planar measurement surface. The effects of dispersion and absorption are also modeled in this formula. The presented reconstruction formula provides a one-to-one mapping between the 2D Fourier transform of the acoustic pressure data acquired on the detection surface and certain low-pass components of the 3D Fourier transform of the absorbed optical energy distribution.
The reconstruction formula was compared to a previous reconstruction formula valid for the cases when the optical absorber is embedded in a homogenous medium. It was shown that the formula returns inaccurate estimates of object structure when the object is embedded in a layered medium that supports shear waves, although there is qualitative similarity between the output of the reconstruction formula and the original phantom. Further work is required to account for more general geometries of solid heterogeneities in PCT.
